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Abstract
We extend the list of known band structure topologies to include a large family of hyperbolic
nodal links and knots, occurring both in conventional Hermitian systems where their stability
relies on discrete symmetries, and in the dissipative non-Hermitian realm where the knotted
nodal lines are generic and thus stable towards any small perturbation. We show that these
nodal structures, taking the forms of Turk’s head knots, appear in both continuum- and lattice
models with relatively short-ranged hopping that is within experimental reach. To determine the
topology of the nodal structures, we devise an efficient algorithm for computing the Alexander
polynomial, linking numbers and higher order Milnor invariants based on an approximate and
well controlled parameterisation of the knot.
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1 Introduction
Topology, the theory of global properties that are invariant under continuous deformation, has become
a crucial asset for understanding the variety of forms of matter occurring in nature. In particular,
the classification of crystalline solids has recently been revolutionised by the advent of topological
insulators [1, 2] and semimetals [3] which are distinguished by topological invariants characterising
their Bloch bands [4]. Another paradigmatic example for the deep relation and mutual stimulation of
topology and physics is provided by knot theory, where the pioneering work by Witten [5] has led to
a clear quantum mechanical explanation of the celebrated Jones Polynomial from mathematical knot
theory in the physical framework of topological quantum field theory.
Very recently, the two concepts of knots and topological properties of energy bands have been
brought together with the discovery of three-dimensional (3D) semimetals that exhibit nodal lines
in the form of topologically nontrivial knots [6–11]. In conventional Hermitian systems, the very
appearance of nodal lines relies on symmetries, as band touchings there are generically stable only at
isolated points in reciprocal space [12]. Quite remarkably, non-Hermitian terms in the Hamiltonian,
accounting for the dissipative coupling of a system to its environment, can promote the phenomenon of
knotted nodal lines to a topologically robust phenomenon that does no longer rely on any symmetries
[13–19].
Motivated by these developments, in this work we contribute to a comprehensive understanding of
knotted nodal materials in a twofold way: First, we systematically construct microscopic tight-binding
models that feature nodal lines the shapes of which cover a large family of hyperbolic links and knots.
Second, we address the question of how to constructively compute (not determine by visual inspection)
knot invariants such as the Alexander polynomial and higher order Milnor invariants for any given
model Hamiltonian. To this end, an approximate, i.e. topology preserving, analytical parameterisation
of the nodal lines is obtained in a variational fashion, based on which knot invariants can be explicitly
determined. This contrasts the previous works on nodal links and knots [6–11, 13–19], which focus
exclusively on simpler (non-hyperbolic) knots and links, and, crucially, do not provide an algorithmic
method for classifying the linking and knottedness of the nodal band structures.
2 Microscopic Models for Knotted Nodal Lines
A non-interacting particle-hole symmetric two-band system is completely described in reciprocal
space by a Bloch Hamiltonian
H(k) = d(k) · σ + d0(k)σ0 (1)
where d(k) = (dx(k), dy(k), dz(k)) ∈ R3, d0(k) ∈ R, σ is the vector of Pauli matrices, σ0 is the
2 × 2 identity matrix and k the lattice momentum with components kx, ky and kz . Note that we
restrict ourselves to 3D models. By performing a Fourier transformation a real space Hamiltonian can
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be obtained. Each harmonic appearing in the reciprocal space Hamiltonian Eq. (1) is then directly
related to the respective hopping distance in the real space model, i.e., the hopping distances in a real
space description are explicitly given by the degree of the corresponding momentum components in
the reciprocal model. The eigenvalues of H(k) read as
E± = d0 ±
√
d2x + d
2
y + d
2
z. (2)
In this work, we are interested in band intersections, which are given by E+ = E−, hence we can
without loss of generality set d0 = 0. Band intersections in Hermitian systems, such as Eq. (1), are
in 3D generically stable at points, which is easily seen by counting parameters [12]. Explicitly the
intersections are given by
d2x + d
2
y + d
2
z = 0, (3)
resulting in that dx = dy = dz = 0 is the only possibility. This yields a system of equations with three
equations and three variables, kx, ky and kz , giving point-like solutions called nodal points. Higher
dimensional solutions can however appear, if for example two of the three equations are equivalent.
Such a fine tuned system is generically unstable, and the resulting nodal line will dissolve into points
as soon as the system is perturbed. The presence of symmetries in a system can however increase the
dimension of the nodal structure which is then stable to symmetry preserving perturbations. If, e.g.
PT-symmetry is imposed, the Hamiltonian must be real, meaning that dy(k) has to vanish for all k. A
PT-symmetric Hamiltonian thus attains the form,
HPT = dx(k)σx + dz(k)σz (4)
and the nodal structure is given by d2x + d
2
z = 0. Parameter counting tells us that the common
solutions of the two equations dx = 0 and dz = 0 form lines. These systems are stable in the sense
that sufficiently small symmetry preserving perturbations do not dissolve the nodal lines into points.
The nodal lines can attain many different shapes, from open lines to closed curves which can be
linked [6–9], or even knotted [11].
In recent years, topological aspects of dissipative systems where e.g. gain and loss are accounted
for, have been studied extensively [20–23]. Such systems can be described by adding an imaginary
component to the d-vector, resulting in a non-Hermitian Hamiltonian, written in Bloch form as
H(k) = dR(k) · σ + idI(k) · σ, (5)
where dR(k),dI(k) ∈ R3 and the term of the form d0σ0 is disregarded as argued above. The squared
eigenvalues of such an operator reads
E2(k) = d2R(k)− d2I(k) + 2idR(k) · dI(k) (6)
and thus the nodal points are given by,
Re[E2] = d2R − d2I = 0, Im[E2] = 2dR · dI = 0. (7)
By again counting the parameters, we see that the solutions of Eq. (7) in three dimensions generically
occur as 1D contours in reciprocal space that are closed for crystalline systems. Generally, they
appear at finite d = dR + dI , and thus the nodal lines consist of exceptional points, except for when
d = 0 [13, 24]. Such line solutions are, in contrast to any Hermitian counterpart, generically stable
towards any small perturbation and therefore do not rely on any fine tuning or symmetries. As in the
Hermitian case, the exceptional lines can be linked [14–16] or knotted [18, 19]. What is common for
nodal lines in Hermitian and non-Hermitian systems is that they appear as the intersection between
two implicitly defined 2D surfaces.
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2.1 Construction of Hamiltonians with a Desired Nodal Topology
Let s1 and s2 be two 2D surfaces in momentum space, whose intersection s1 ∩ s2 is 1D. Assume
that there are two continuously differentiable functions f1 and f2 that vanish exactly on s1 and s2
respectively. Then, the topology of the intersection can be retrieved as exceptional structures in a 3D
non-Hermitian Hamitlonian by explicit construction of a d-vector, e.g. as [18],
dR = (f1 − Λ,Λ, 0), dI = (0, f2,
√
2Λ), (8)
where Λ is a real, but non-zero, constant. The exceptional points of such a system are given by,
Re[E2] = f21 − f22 − 2f1Λ = 0, Im[E2] = 2f2Λ = 0, (9)
which is fulfilled when f2 = 0 and f1(f1 − 2Λ) = 0. In the limit |Λ| → ∞, the solutions become
f1 = f2 = 0, which exactly agrees with s1 ∩ s2. For finite, but sufficiently large |Λ|, these solutions
are deformed, but they still inherit the topology of s1 ∩ s2.
Conventional Hermitian models with topologically equivalent nodal structures can be constructed
in a similar way. For example, a dual Hermitian model can be obtained from the non-Hermitian model
given by Eq. (8), e.g. as [25],
ddual = (1, 0, 0)(d
2
R − d2I) + (0, 1, 0)(dR · dI). (10)
The corresponding nodal structures coincides exactly with that of the non-Hermitian model. Note
that this dual model will have twice as large hopping distance as the corresponding non-Hermitian
description, since it is quadratic in f1 and f2. By exploiting symmetries, this can be avoided, and
more importantly it provides insights into the requirements from stabilising the nodal topology of the
band structure. Saliently, the PT-symmetric model given by
dPT = (f1, 0, f2), (11)
hosts nodal structures given by f1 = f2 = 0, which coincides exactly with s1 ∩ s2. Since this model
is only linear in f1 and f2, the hopping distance is halved compared to the dual Hermitian model
Eq. (11).
An important difference between Hermitian and non-Hermitian models is, however, given by the
behaviour under finite perturbations. By adding any perturbation to Eq. (10), the nodal topology col-
lapses to point singularities. The same is true if an arbitrary small symmetry breaking term is added
to Eq. (11), but as long as the perturbation preserves the pertinent PT symmetry, the topology is main-
tained for sufficiently small perturbations. By contrast to these Hermitian cases, the exceptional lines
occurring in non-Hermitian systems are generically stable towards any sufficiently small perturbation,
and thus they do not rely on fine tuning or symmetries.
The above reasoning has resulted in the discovery of nodal torus knots, both in the Hermitian [11]
and non-Hermitian realm [18]. Recall that for a pair of coprime integers p and q, the (p, q)-torus knot
is described by the zeros of a complex polynomial ξp + ζq lying on S3 , the three-sphere with small
radius  [26]. Defining f1 = Re [ξp + ζq] and f2 = Im [ξp + ζq] constrained on S3 , mapping them
to the Brillouin zone and using the above described d-vectors results in nodal torus knots. If p and q
are not coprime, the zeros of ξp + ζq on S3 represent torus links with n = GCD(p, q) components of
( pn ,
q
n )-torus knots.
4
SciPost Physics Submission
(a)
<latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="G 30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgM xFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJC Kf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8 peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE 4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVv m40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAA w5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7d ScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHo lxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5 /qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3 wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHL ER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit ><latexit sha1_base64="/ Pr4DGlOCYGvjyeysHb2tI+0D34=">AAACu3icjVLLTsM wEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXH AVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9dBGspMe95r yVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio 6UOxVWqBIuCUPSCyZmJ9+6EymQSX+ppKgYRG8dyJDnTR F002OFNre41PTvcReAXoI5itJPaC64xRAKOHBEEYmjCIR gyevrw4SElboAZcYqQtHGBB1RIm1OWoAxG7IS+Y5r1Cz amufHMrJrTKiG9ipQuDkiTUJ4ibFZzbTy3zob9zXtmPc3 epvQPCq+IWI1bYv/SzTP/qzO1aIxwYmuQVFNqGVMdL1x yeypm5+6XqjQ5pMQZPKS4Isytcn7OrtVktnZztszG32ym Yc2cF7k53s0uqcH+z3Yugu5R0/ea/rmHMvawjwa18Rin aKGNDlmO8YgnPDstJ3byz6vglIo7sYtvw7n/AAaWjpk=< /latexit><latexit sha1_base64="/ Pr4DGlOCYGvjyeysHb2tI+0D34=">AAACu3icjVLLTsM wEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXH AVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9dBGspMe95r yVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio 6UOxVWqBIuCUPSCyZmJ9+6EymQSX+ppKgYRG8dyJDnTR F002OFNre41PTvcReAXoI5itJPaC64xRAKOHBEEYmjCIR gyevrw4SElboAZcYqQtHGBB1RIm1OWoAxG7IS+Y5r1Cz amufHMrJrTKiG9ipQuDkiTUJ4ibFZzbTy3zob9zXtmPc3 epvQPCq+IWI1bYv/SzTP/qzO1aIxwYmuQVFNqGVMdL1x yeypm5+6XqjQ5pMQZPKS4Isytcn7OrtVktnZztszG32ym Yc2cF7k53s0uqcH+z3Yugu5R0/ea/rmHMvawjwa18Rin aKGNDlmO8YgnPDstJ3byz6vglIo7sYtvw7n/AAaWjpk=< /latexit><latexit sha1_base64="I 237/y5AnwD+v9bDz8DYyOFF4HY=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkWom5K40WXRTZcV7QNqkWQ6rUPzYjJR ShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1k0CkynFe C9bC4tLySnG1tLa+sblV3t5pp3EmGW+xOIhl1/dSHoiIt 5RQAe8mknuhH/COPz7T8c4tl6mIo0s1SXg/9EaRGArmK aIuqt7hdbni1Byz7Hng5qCCfDXj8guuMEAMhgwhOCIowg E8pPT04MJBQlwfU+IkIWHiHPcokTajLE4ZHrFj+o5o18 vZiPbaMzVqRqcE9EpS2jggTUx5krA+zTbxzDhr9jfvqfH Ud5vQ38+9QmIVboj9SzfL/K9O16IwxImpQVBNiWF0dSx 3yUxX9M3tL1UpckiI03hAcUmYGeWsz7bRpKZ23VvPxN9M pmb1nuW5Gd71LWnA7s9xzoP2Uc11au65U6mf5qMuYg/7 qNI8j1FHA020yHuERzzh2WpYkZVZd5+pViHX7OLbsh4+A D/ej8c=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit><latexit sha1_base64="H dFcz6VifcAouGJRJLusjSMN5sQ=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkSMx0GnNBX2qmG EBN/wK1+mvEP9C+8M5ZEJUanaXvm3HvOzL3Xi32ZKsd5 LVgLi0vLK8XV0tr6xuZWeXunk0ZZwkWbR36UXHosFb4MR VtJ5YvLOBEs8HzR9canOt69FUkqo/BCTWLRD9golEPJm SLqvMoOr8sVp+aYZc8DNwcV5KsVlV9whQEicGQIIBBCEf bBkNLTgwsHMXF9TIlLCEkTF7hHibQZZQnKYMSO6TuiXS 9nQ9prz9SoOZ3i05uQ0sYBaSLKSwjr02wTz4yzZn/znhp PfbcJ/b3cKyBW4YbYv3SzzP/qdC0KQxybGiTVFBtGV8d zl8x0Rd/c/lKVIoeYOI0HFE8Ic6Oc9dk2mtTUrnvLTPzN ZGpW73mem+Fd35IG7P4c5zzo1GuuU3PP6pXGST7qIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVqZdfeZahVyzS6+LevhA 0B+j8k=</latexit>
(b)
<latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTx JgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzT AzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6V lll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKy BGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx 64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFV wwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVu U06I=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXHAVUVn8AVPg3xB/AXrE0qAR UCR0nGsztjr9dBGspMe95ryVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio6UOxVWqBIuCUPSCyZmJ9+6 EymQSX+ppKgYRG8dyJDnTRF00gsObWt1rena4i8AvQB3FaCe1F1xjiAQcOSIIxNCEQzBk9PThw0NK3AAz4hQhaeMC D6iQNqcsQRmM2Al9xzTrF2xMc+OZWTWnVUJ6FSldHJAmoTxF2Kzm2nhunQ37m/fMepq9TekfFF4RsRq3xP6lm2f+V 2dq0RjhxNYgqabUMqY6Xrjk9lTMzt0vVWlySIkzeEhxRZhb5fycXavJbO3mbJmNv9lMw5o5L3JzvJtdUoP9n+1cBN 2jpu81/XMPZexhHw1q4zFO0UIbHbIc4xFPeHZaTuzkn1fBKRV3YhffhnP/AQjsjpo=</latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVu U06I=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXHAVUVn8AVPg3xB/AXrE0qAR UCR0nGsztjr9dBGspMe95ryVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio6UOxVWqBIuCUPSCyZmJ9+6 EymQSX+ppKgYRG8dyJDnTRF00gsObWt1rena4i8AvQB3FaCe1F1xjiAQcOSIIxNCEQzBk9PThw0NK3AAz4hQhaeMC D6iQNqcsQRmM2Al9xzTrF2xMc+OZWTWnVUJ6FSldHJAmoTxF2Kzm2nhunQ37m/fMepq9TekfFF4RsRq3xP6lm2f+V 2dq0RjhxNYgqabUMqY6Xrjk9lTMzt0vVWlySIkzeEhxRZhb5fycXavJbO3mbJmNv9lMw5o5L3JzvJtdUoP9n+1cBN 2jpu81/XMPZexhHw1q4zFO0UIbHbIc4xFPeHZaTuzkn1fBKRV3YhffhnP/AQjsjpo=</latexit><latexit sha1_base64="uBgLtNUrw5BZ8IDiht7ePIY eCKk=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5K40WXRTZcV7QNqkWQ6rUPzYjJRShH8Abf6aeIf6F94Z0xBLa ITkpw5954zc+/1k0CkynFeC9bC4tLySnG1tLa+sblV3t5pp3EmGW+xOIhl1/dSHoiIt5RQAe8mknuhH/COPz7T8c4 tl6mIo0s1SXg/9EaRGArmKaIuqv7hdbni1Byz7Hng5qCCfDXj8guuMEAMhgwhOCIowgE8pPT04MJBQlwfU+IkIWHi HPcokTajLE4ZHrFj+o5o18vZiPbaMzVqRqcE9EpS2jggTUx5krA+zTbxzDhr9jfvqfHUd5vQ38+9QmIVboj9SzfL/ K9O16IwxImpQVBNiWF0dSx3yUxX9M3tL1UpckiI03hAcUmYGeWsz7bRpKZ23VvPxN9Mpmb1nuW5Gd71LWnA7s9xzo P2Uc11au65U6mf5qMuYg/7qNI8j1FHA020yHuERzzh2WpYkZVZd5+pViHX7OLbsh4+AEI/j8g=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXD zB28=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFA xznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanhPQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZ f5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLggzLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznP OgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoYzS6+LevhA0Lfj8o=</latexit>
(c)
<latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWg ArNaSfkFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUF wQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWg ArNaSfkFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUF wQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWg ArNaSfkFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUF wQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWg ArNaSfkFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUF wQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit>
(d)
<latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eA CsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QH FBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eA CsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QH FBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eA CsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QH FBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eA CsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QH FBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit>
(e)
<latexit sha1_base64="i dVbo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRD iIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47z WrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ8 7YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMm CeJOq/yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJO EQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaN czbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R 7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3 nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwA UoCj80=</latexit><latexit sha1_base64="i dVbo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRD iIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47z WrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ8 7YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMm CeJOq/yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJO EQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaN czbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R 7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3 nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwA UoCj80=</latexit><latexit sha1_base64="i dVbo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRD iIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47z WrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ8 7YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMm CeJOq/yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJO EQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaN czbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R 7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3 nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwA UoCj80=</latexit><latexit sha1_base64="i dVbo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJ AFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRD iIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47z WrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ8 7YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMm CeJOq/yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJO EQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaN czbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R 7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3 nalYtWcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvaw jyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwA UoCj80=</latexit>
(f)
<latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1 L9H0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKB jnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y /yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOO dBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1 L9H0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKB jnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y /yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOO dBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1 L9H0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKB jnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y /yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOO dBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1 L9H0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJU anaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj 3lossSOILOUl5P/JGcTAMmCeJOq8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKB jnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y /yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOO dBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0xjj84=</latexit>
(g)
<latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudC nowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMK I2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2X ca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJF3 pE4tJjEfQhlQolrhus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9d+GopMOc5ryVpZXVvfKG9WtqrbO7u1vWovS3LJeJclYSIHvpfxUMS8q4QK+SCV3Iv8kPf96bmO9++4zEQSX6lZykeRF8RiIpiniLpsBMc3tbrTdMywl4FbgDqK 0UlqL7jGGAkYckTgiKEIh/CQ0TOECwcpcSPMiZOEhIlzPKBC2pyyOGV4xE7pG9BsWLAxzbVnZtSMVgnplaS0cUSahPIkYb2abeK5cdbsb95z46n3NqO/X3hFxCrcEvuXbpH5X52uRWGClqlBUE2pYXR1rHDJzanondtfqlLkkBKn8Zjikj AzysU520aTmdr12Xom/mYyNavnrMjN8a53SQ12f7ZzGfROmq7TdC8clHGAQzSojac4QxsddMkywCOe8Gy1rdjKP6+CVSruxD6+Dev+AxSajp8=</latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJF3 pE4tJjEfQhlQolrhus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9d+GopMOc5ryVpZXVvfKG9WtqrbO7u1vWovS3LJeJclYSIHvpfxUMS8q4QK+SCV3Iv8kPf96bmO9++4zEQSX6lZykeRF8RiIpiniLpsBMc3tbrTdMywl4FbgDqK 0UlqL7jGGAkYckTgiKEIh/CQ0TOECwcpcSPMiZOEhIlzPKBC2pyyOGV4xE7pG9BsWLAxzbVnZtSMVgnplaS0cUSahPIkYb2abeK5cdbsb95z46n3NqO/X3hFxCrcEvuXbpH5X52uRWGClqlBUE2pYXR1rHDJzanondtfqlLkkBKn8Zjikj AzysU520aTmdr12Xom/mYyNavnrMjN8a53SQ12f7ZzGfROmq7TdC8clHGAQzSojac4QxsddMkywCOe8Gy1rdjKP6+CVSruxD6+Dev+AxSajp8=</latexit><latexit sha1_base64="7o4CtShrpUQcUBM/kpD2q5pgH8s=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5K40W XRTZcV7QNqkWQ6jUPTJEwmSimCP+BWP038A/0L74wpqEV0QpIz595zZu69fhKKVDnOa8FaWFxaXimultbWNza3yts77TTOJOMtFoex7PpeykMR8ZYSKuTdRHJv7Ie844/OdLxzy2Uq4uhSTRLeH3tBJIaCeYqoi2pweF2uODXHLHseuDmo IF/NuPyCKwwQgyHDGBwRFOEQHlJ6enDhICGujylxkpAwcY57lEibURanDI/YEX0D2vVyNqK99kyNmtEpIb2SlDYOSBNTniSsT7NNPDPOmv3Ne2o89d0m9PdzrzGxCjfE/qWbZf5Xp2tRGOLE1CCopsQwujqWu2SmK/rm9peqFDkkxGk8oL gkzIxy1mfbaFJTu+6tZ+JvJlOzes/y3Azv+pY0YPfnOOdB+6jmOjX33KnUT/NRF7GHfVRpnseoo4EmWuQd4BFPeLYaVmRl1t1nqlXINbv4tqyHD04kj80=</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdE l0wxKjgAkS0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAa UIFZraT8gisMkIAhxxgcMSThCB4yenpw4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHl BcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXKfmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit>
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kx
<latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAA CtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCn owmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/i CGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXq em2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdI E4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ 5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgK JBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2 oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0s U+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxB rcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcK did+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zx u6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVw wVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3 wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base6 4="glF2X22CsSFyqvMpMVzLw+//MbM=">AAA Cu3icjVLLTsMwEJyGVykFClcuERUSpyrhAkc kLj0WQR8SVFXiusVqXrIdoKr4BK7waYg/gL9g bVIJqBA4SjKe3Rl7vQ6zSCjtea8lZ2l5ZXWt vF7ZqG5ubdd2qh2V5pLxNkujVPbCQPFIJLyt hY54L5M8iMOId8PJmYl3b7lUIk0u9TTj/TgY J2IkWKCJupgM7ge1utfw7HAXgV+AOorRSmsvu MYQKRhyxOBIoAlHCKDouYIPDxlxfcyIk4SEj XM8oELanLI4ZQTETug7ptlVwSY0N57KqhmtE tErSenigDQp5UnCZjXXxnPrbNjfvGfW0+xtSv +w8IqJ1bgh9i/dPPO/OlOLxggntgZBNWWWMd WxwiW3p2J27n6pSpNDRpzBQ4pLwswq5+fsWo 2ytZuzDWz8zWYa1sxZkZvj3eySGuz/bOci6Bw 1fK/hn3soYw/7OKQ2HuMUTbTQJssxHvGEZ6f pJE7+eRWcUnEndvFtOHcfVvmPKQ==</latex it><latexit sha1_base6 4="glF2X22CsSFyqvMpMVzLw+//MbM=">AAA Cu3icjVLLTsMwEJyGVykFClcuERUSpyrhAkc kLj0WQR8SVFXiusVqXrIdoKr4BK7waYg/gL9g bVIJqBA4SjKe3Rl7vQ6zSCjtea8lZ2l5ZXWt vF7ZqG5ubdd2qh2V5pLxNkujVPbCQPFIJLyt hY54L5M8iMOId8PJmYl3b7lUIk0u9TTj/TgY J2IkWKCJupgM7ge1utfw7HAXgV+AOorRSmsvu MYQKRhyxOBIoAlHCKDouYIPDxlxfcyIk4SEj XM8oELanLI4ZQTETug7ptlVwSY0N57KqhmtE tErSenigDQp5UnCZjXXxnPrbNjfvGfW0+xtSv +w8IqJ1bgh9i/dPPO/OlOLxggntgZBNWWWMd WxwiW3p2J27n6pSpNDRpzBQ4pLwswq5+fsWo 2ytZuzDWz8zWYa1sxZkZvj3eySGuz/bOci6Bw 1fK/hn3soYw/7OKQ2HuMUTbTQJssxHvGEZ6f pJE7+eRWcUnEndvFtOHcfVvmPKQ==</latex it><latexit sha1_base6 4="8N+UfRFBGa2djhLapyhiyhVtZOw=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRI3uiy 66bKifUAtJZlO69C8mEzUUgR/wK1+mvgH+hfe GVNQi+iEJGfOvefM3Hv9JBCpcpzXgrWwuLS8 Ulwtra1vbG6Vt3daaZxJxpssDmLZ8b2UByLi TSVUwDuJ5F7oB7ztj890vH3DZSri6FJNEt4L vVEkhoJ5iqiLcf+uX644Vccsex64OaggX424/ IIrDBCDIUMIjgiKcAAPKT1duHCQENfDlDhJS Jg4xz1KpM0oi1OGR+yYviPadXM2or32TI2a0 SkBvZKUNg5IE1OeJKxPs008M86a/c17ajz13S b093OvkFiFa2L/0s0y/6vTtSgMcWJqEFRTYh hdHctdMtMVfXP7S1WKHBLiNB5QXBJmRjnrs2 00qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B 1VHWdqnvuVGqn+aiL2MM+Dmmex6ihjgaa5D3 CI57wbNWtyMqs289Uq5BrdvFtWQ8flnGQVw= =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit><latexit sha1_base6 4="ty5Qp20n3asEYX7EvO1sT9tXx+A=">AAA CxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl 002VF+4BaSjKd1tC8mEx8UAR/wK1+mvgH+hfe GaegFtEJSc6ce8+Zuff6aRhk0nFeC9bc/MLi UnG5tLK6tr5R3txqZUkuGG+yJExEx/cyHgYx b8pAhryTCu5Ffsjb/vhUxdvXXGRBEl/Iu5T3 Im8UB8OAeZKo83H/tl+uOFVHL3sWuAZUYFYjK b/gEgMkYMgRgSOGJBzCQ0ZPFy4cpMT1MCFOE Ap0nOMeJdLmlMUpwyN2TN8R7bqGjWmvPDOtZ nRKSK8gpY090iSUJwir02wdz7WzYn/znmhPdb c7+vvGKyJW4orYv3TTzP/qVC0SQxzrGgKqKd WMqo4Zl1x3Rd3c/lKVJIeUOIUHFBeEmVZO+2 xrTaZrV731dPxNZypW7ZnJzfGubkkDdn+Ocxa 0DqquU3XPDiu1EzPqInawi32a5xFqqKOBJnm P8IgnPFt1K7Zy6+Yz1SoYzTa+LevhA5exkFs =</latexit>
ky
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Figure 1: Illustration of hyperbolic exceptional structures, formed as the intersection between the
two implicitly defined surfaces Re[E2] = 0 and Im[E2] = 0. The upper panel (a)-(d) shows this
intersection explicitly, where (a) and (b) are continuum models with 2 = 1 and Λ = 100, and (c)
and (d) are lattice models with 2 = 0.5 and Λ = 100. The lower panel (e)-(h) shows the exceptional
structures along with their corresponding Fermi surface. (a) and (c) are figure-eight knots in continuum
and lattice models respectively, while (b) and (d) are Borromean rings. The topologies of the nodal
structures are determined by calculating the Alexander polynomial for all components. In the case of
links, the linking number and, if necessary, higher-order Milnor invariants are also calculated.
2.2 Hyperbolic Nodal Structures
The world of knots and links goes beyond the family of torus links, and as long as a link can be
described by intersections of surfaces, they can readily be realised as nodal structures. In Ref. [27], it
was explicitly shown that the figure-eight knot and the Borromean rings can be described as the zeros
of a real polynomial, constrained to S3 . The polynomial is explicitly given by
F (x, y,Re[(z + it)n], Im[(z + it)n]) , (12)
where n is an integer, and
F (x, y, z, t) =
[
(z(x2 + y2 + z2 + t2) + x
(
8x2 − 2(x2 + y2 + z2 + t2)) ,
√
2tx+ y
(
8x2 − (x2 + y2 + z2 + t2))] , (13)
where x, y, z, t are coordinates on R4. The zeros of Eq. (12) on S3 can be encoded as nodal structures
of a Hamiltonian in the following steps
1. Define f1 and f2 such that their common zeros correspond to the zeros of
F (x, y,Re[(z + it)n], Im[(z + it)n]).
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2. Restrict the zeros to S3 .
3. Introduce the lattice momentum by performing the desired change of coordinates.
Following these steps, we explicitly construct models hosting hyperbolic knots and links. First, we
treat two specific examples where n = 2 and n = 3, yielding a nodal figure-eight knot and Bor-
romean rings respectively, with further more exotic examples obtained for higher n discussed later.
The functions f1 and f2 are introduced as the different components of F respectively,
fF81 = (z
2 − t2)2 + x(8x2 − 22), fF82 = 2
√
2xzt+ y(8x2 − 2), (14)
fBR1 = (z
3 − 3zt2)2 + x(8x2 − 22), fBR2 =
√
2x(3zt2 − t3) + y(8x2 − 2). (15)
The S3 -constraint is explicitly given by the restriction 
2 = x2 + y2 + z2 + t2 for some small constant
, making sure that we obtain functions of three variables. This ensures that the common zeros of
fF81 and f
F8
2 represent the figure-eight knot, and the zeros of f
BR
1 and f
BR
2 represent the Borromean
rings. The lattice momentum then has to be introduced differently, depending on wether continuous
or discrete lattice models are desired. This can be done in many ways, and what we present below is
merely exemplifying how this can be accomplished.
Desired continuous model Hamiltonians can be constructed using the different ansätze for the
d-vector discussed in Sec. 2.1 by introducing the lattice momentum as
x = 2 − (k2x + k2y + k2z), y = kx, z = ky, t = kz. (16)
Conventional Hermitian Hamiltonians are obtained using Eq. (10) or Eq. (11), while Eq. (8) yields
non-Hermitian models. The band structure of such a model hosting an exceptional figure-eight knot
and Borromean rings are displayed in Fig. 1 (a) and (c) respectively, while their corresponding Fermi
surfaces are shown in Fig. 1 (e) and (g).
These continuous models can be discretised if the lattice momentum is introduced. Thinking about
Eq. (16) as an expansion for small momentum, one naturally arrives at,
x = 2 +
∑
i=x,y,z
cos(ki)− 3, y = sin(kx), z = sin(ky), t = sin(kz). (17)
The explicit forms of the functions whose common zeros represent a figure-eight knot read as
fF81 =
2 + ∑
i=x,y,z
cos(ki)− 3
8
2 + ∑
i=x,y,z
cos(ki)− 3
2 − 22

+ 2
(
sin2(ky)− sin2(kz)
)
, (18)
fF82 =
8
2 + ∑
i=x,y,z
cos(ki)− 3
2 − 2
 sin(kx)
+ 2
√
2
2 + ∑
i=x,y,z
cos(ki)− 3
 sin(ky) sin(kz). (19)
By constructing the d-vector corresponding to a non-Hermitian model Hamiltonian, as in Eq. (8),
the highest appearing degree of the momentum components is three, meaning that the longest ranged
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hopping is three lattice constants. Its dual Hermitian model will have twice as large hopping distance,
since the functions f1 and f2 are essentially squared in the model defined by Eq. (10). The PT-
symmetric Hermitian model defined by Eq. (11) is instead linear in terms of f1 and f2, and thus
its longest ranged hopping is the same as for the non-Hermitian model. This illustrates that non-
Hermitian models are twice as local as their dual Hermitian models, while symmetries can be used
to obtain Hermitian models with the same hoping distance. The band structure of a non-Hermitian
tight-binding model hosting an exceptional figure-eight knot is displayed in Fig. 1 (b), while Fig. 1 (f)
shows its Fermi surface.
Analogously, the functions whose common zeros represent the Borromean rings becomes
fBR1 =
2 + ∑
i=x,y,z
cos(ki)− 3
8
2 + ∑
i=x,y,z
cos(ki)− 3
2 − 22

+ 2
(
sin3(ky)− sin(ky) sin2(kz)
)
, (20)
fBR2 =
8
2 + ∑
i=x,y,z
cos(ki)− 3
2 − 2
 sin(kx)
+ 2
√
2
2 + ∑
i=x,y,z
cos(ki)− 3
(3 sin2(ky) sin(kz)− sin3(kz)) , (21)
In the same fashion as before, we can read off that the longest ranged hopping for the PT-symmetric
Hermitian model defined by Eq. (11) and the non-Hermitian model defined by Eq. (8) will be four
lattice constants, while the hopping for the dual Hermitian model described by Eq. (10) will be twice
as large. Again, the band structure of such a non-Hermitian system is showed in Fig. 1 (d), with its
corresponding Fermi surface in Fig. 1 (h).
It is worth stressing that only nodal links appearing in non-Hermitian structures bound the Fermi
surface of the system, making this a feature unique for the non-Hermitian realm. This furthermore
means that the Fermi surface coincides with a Seifert surface of the corresponding link [14, 18].
2.3 More General Turk’s Head Links and Topological Transitions
The polynomial in Eq. (12) can be used to generate Hamiltonians with even more exotic nodal knots
and links by considering larger values of n. In Fig. 2 we display some additional examples of excep-
tional nodal knots and links obtained by the method described above. In contrast to the figure-eight
knot and the Borromean rings previously discussed, there is to our knowledge no explicit result telling
us what knots or links to expect for larger n. By the methods introduced in Sec. 3 these structures
are identified, and an initial pattern is observed, suggesting that for a general n, the corresponding
nodal structure is the (3, n) Turk’s head link. The (p, q) Turk’s head link is obtained by considering a
diagram of the (p, q) torus link, and making it alternate, i.e., changing the crossings such that an under
crossing is always followed by an over crossing and vice versa [28]. As for torus links, the (p, q)
Turk’s head link will be a knot if p and q are relatively prime, and if GCD(p, q) = m, it is a link of m( p
m ,
q
m
)
Turk’s head knots. It is noteworthy that the (3, n) Turk’s head link is a Brunnian link of three
components when n is a multiple of 3.
Interestingly enough, this construction includes some transitions depending on the radius  of
the three sphere. Generally, these features are that for a given n and a small radius  = δ, the
nodal structure will be a (2, n) torus link. When increasing  a circle centered at the origin will
7
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1.5 1.51.51.5
Figure 2: Illustration of more complex hyperbolic exceptional structures, obtained from lattice models
defined by Eq. (8), Eq. (12) and Eq. (17) with  = 1, Λ = 104 and n = 4, 5, 6, 9 respectively. Λ is
taken to be large in order to smoothen the exceptional structures. These structures resembles the
(3, n) Turk’s head links for their respective n, which means that the structures in (a) and (b) are knots,
while those in (c) and (d) both are Brunnian links. All this is verified by calculating their respective
Alexander polynomials, which are presented in Sec. 3.
appear at some  = r1. When increasing  further, this circle will grow and eventually, at some
 = r2, it will join with the torus link, forming the (3, n) Turk’s head link. In Fig. 3 we illustrate
these transitions for the simplest case n = 2. As a general comment of these transition, we note
that the complexity of the nodal knot increases when undergoing these transitions for growing . In
particular, the genus of the nodal structure increases. This in turn means that the minimal genus of the
corresponding Fermi surface also will increase, since it coincides with a Seifert surface of the knot
or link. This can potentially be experimentally observed in spectroscopical systems, e.g. with light
scattering experiments in phononic crystals [29].
3 Knot Invariants
In contrast to nodal points, such as Weyl- and Dirac points, and unknotted nodal lines, i.e. (possibly
linked) circles, which are characterised by integer valued invariants such as Chern number and linking
numbers, the invariants of knots attain the form of polynomials. So far, such polynomials have not
been calculated for a general model Hamiltonian. In this section, we provide such an algorithm for
computing the Alexander polynomial, by using an approximate, yet topologically equivalent, explicit
parameterisation of the nodal structures. This polynomial characterises the knottedness of the nodal
structures, providing a way to determine their topologies without visual inspection.
3.1 Parameterisation
Since the nodal structures are obtained by intersecting two implicitly defined surfaces, Re[E2] = 0
and Im[E2] = 0 (or f1 = 0 and f2 = 0 in the PT-symmetric Hermitian case), it is generally hard
to analytically determine an explicit function representing the intersection curve. Numerically it is
however possible to find an ordered collection of points belonging to the curve. From this, we compute
an approximate, yet topologically equivalent curve using an ansatz in terms of Fourier basis functions.
If we denote by k(s˜) the discrete collection of points with components ki(s˜), i = x, y, z, and by φj(s˜)
the Fourier basis functions
φ2l(s˜) = sin(ls˜), φ2l+1(s˜) = cos(ls˜), l ∈ N, (22)
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Figure 3: Illustration of how the transitions in a lattice mode defined by Eq. (8), Eq. (12) and Eq. (17)
take place when n = 2 with Λ = 100. In (a)  = 0.1 which results in a (2, 2) torus link, the Hopf
link. Eventually, a new circle appears in the center, which is illustrated in (b) for  = 0.26. This circle
merges with the Hopf link when  is allowed to grow, and the critical value  = 0.303 is displayed
in (c). For larger , the figure-eight knot, or more generally, the (3, n) Turk’s head knot is obtained,
displayed in (d) for  = 1.
where s˜ denotes a discrete parameter, attaining symmetrically spaced values in the closed interval
[0, 2pi]. The number of values s˜ can attain is equal to the number of discrete points we know on the
nodal structure. Then, we make the ansatz,
ki(s˜) =
2jmax+1∑
j=1
Cijφj(s˜), (23)
which we can write in matrix form as
k(s˜) = C · φ(s˜). (24)
By solving the system of equations given by Eq. (24), we get a matrix of coefficients C. If we now
make an analogous, but continuous, ansatz,
ki(s) =
2jmax+1∑
j=1
Cijφj(s), (25)
where s ∈ [0, 2pi] is a continuous parameter and Cij are the coefficients obtained by solving Eq. (24),
we get a continuous curve described by ki(s), whose topology coincides with that of the nodal struc-
ture for sufficiently large jmax. The resulting curve can be put on a more convenient form by replacing
φj(s) by its definition, giving,
ki(s) = γi +
jmax∑
j=1
αij cos(js) + βij sin(js), (26)
where γi are the elements in the first column of C, αij are the elements of the odd columns of C,
except for the first, and βij are the elements of the even columns of C. In Sec. 3.5, we argue that this
expansion remains stable for large jmax.
For relatively simple objects, this series can be terminated rather quickly and still provide sufficient
information. The Borromean rings only require jmax = 2 while the trefoil and figure-eight knots
require jmax = 3 and jmax = 4 respectively in order to be approximated well enough that the topology
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(b)
<latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4= ">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpT aMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40W Yu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+aj PIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca 7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A== </latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVuU06I= ">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9dBGs pMe95ryVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio6UOxVWqBIuCUPSCyZmJ9+6EymQSX+ppKgYRG8dyJDnTRF00g sObWt1rena4i8AvQB3FaCe1F1xjiAQcOSIIxNCEQzBk9PThw0NK3AAz4hQhaeMCD6iQNqcsQRmM2Al9xzTrF2xMc+OZWTWnVUJ6F SldHJAmoTxF2Kzm2nhunQ37m/fMepq9TekfFF4RsRq3xP6lm2f+V2dq0RjhxNYgqabUMqY6Xrjk9lTMzt0vVWlySIkzeEhxRZhb 5fycXavJbO3mbJmNv9lMw5o5L3JzvJtdUoP9n+1cBN2jpu81/XMPZexhHw1q4zFO0UIbHbIc4xFPeHZaTuzkn1fBKRV3YhffhnP/ AQjsjpo=</latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVuU06I= ">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJFzgicemxCNoilQo5rlus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9dBGs pMe95ryVlaXlldK69XNqqbW9u1nWo3S3LFRYcnYaKuApaJUMaio6UOxVWqBIuCUPSCyZmJ9+6EymQSX+ppKgYRG8dyJDnTRF00g sObWt1rena4i8AvQB3FaCe1F1xjiAQcOSIIxNCEQzBk9PThw0NK3AAz4hQhaeMCD6iQNqcsQRmM2Al9xzTrF2xMc+OZWTWnVUJ6F SldHJAmoTxF2Kzm2nhunQ37m/fMepq9TekfFF4RsRq3xP6lm2f+V2dq0RjhxNYgqabUMqY6Xrjk9lTMzt0vVWlySIkzeEhxRZhb 5fycXavJbO3mbJmNv9lMw5o5L3JzvJtdUoP9n+1cBN2jpu81/XMPZexhHw1q4zFO0UIbHbIc4xFPeHZaTuzkn1fBKRV3YhffhnP/ AQjsjpo=</latexit><latexit sha1_base64="uBgLtNUrw5BZ8IDiht7ePIYeCKk= ">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5K40WXRTZcV7QNqkWQ6rUPzYjJRShH8Abf6aeIf6F94Z0xBLaITkpw5954zc+/1k0 CkynFeC9bC4tLySnG1tLa+sblV3t5pp3EmGW+xOIhl1/dSHoiIt5RQAe8mknuhH/COPz7T8c4tl6mIo0s1SXg/9EaRGArmKaIuq v7hdbni1Byz7Hng5qCCfDXj8guuMEAMhgwhOCIowgE8pPT04MJBQlwfU+IkIWHiHPcokTajLE4ZHrFj+o5o18vZiPbaMzVqRqcE9 EpS2jggTUx5krA+zTbxzDhr9jfvqfHUd5vQ38+9QmIVboj9SzfL/K9O16IwxImpQVBNiWF0dSx3yUxX9M3tL1UpckiI03hAcUmY GeWsz7bRpKZ23VvPxN9Mpmb1nuW5Gd71LWnA7s9xzoP2Uc11au65U6mf5qMuYg/7qNI8j1FHA020yHuERzzh2WpYkZVZd5+pViHX 7OLbsh4+AEI/j8g=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q/6h9flilNz9LLngWtABWa1kvILrjBAAoYcEThiSMIhPGT09ODCQUpcH1PiBKFAxznuUSJtTlmcMjxix/Qd0a5n2Jj2yjPTakanh PQKUto4IE1CeYKwOs3W8Vw7K/Y376n2VHeb0N83XhGxEjfE/qWbZf5Xp2qRGOJY1xBQTalmVHXMuOS6K+rm9peqJDmkxCk8oLgg zLRy1mdbazJdu+qtp+NvOlOxas9Mbo53dUsasPtznPOgU6+5Ts09q1caJ2bURexhH1Wa5xEaaKKFNnmP8IgnPFtNK7Zy6+4z1SoY zS6+LevhA0Lfj8o=</latexit>
(c)
<latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJOEQHjJ6enD hICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJOEQHjJ6enD hICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJOEQHjJ6enD hICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq+yw+tyxak5etnzwDWgArNaSfkFVxggAUOOCBwxJOEQHjJ6enD hICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQqddcp+ ae1SuNEzPqIvawjyrN8wgNNNFCm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUVAj8s=</latexit>
(d)
<latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cG Fg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZ p7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cG Fg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZ p7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cG Fg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZ p7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJOq8ODq/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cG Fg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOCekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFBmGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZ p7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUwml18W9bDB0ehj8w=</latexit>
(e)
<latexit sha1_base64="idV bo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJAFD3UF+I LdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+ hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2 t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3 lossSOILOUl5P/JGcTAMmCeJOq/yw+tyxak5etnzwDWgArNaSf kFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxO GR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFf ub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYt WcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNF Cm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUoCj80=</latexit ><latexit sha1_base64="idV bo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJAFD3UF+I LdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+ hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2 t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3 lossSOILOUl5P/JGcTAMmCeJOq/yw+tyxak5etnzwDWgArNaSf kFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxO GR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFf ub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYt WcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNF Cm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUoCj80=</latexit ><latexit sha1_base64="idV bo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJAFD3UF+I LdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+ hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2 t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3 lossSOILOUl5P/JGcTAMmCeJOq/yw+tyxak5etnzwDWgArNaSf kFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxO GR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFf ub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYt WcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNF Cm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUoCj80=</latexit ><latexit sha1_base64="idV bo6+NaJX6Fv1nDI+ScHLX8/c=">AAACxnicjVHLTsJAFD3UF+I LdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+ hfeGYdEJUanaXvm3HvOzL3XT8Mgk47zWrAWFpeWV4qrpbX1jc2 t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3 lossSOILOUl5P/JGcTAMmCeJOq/yw+tyxak5etnzwDWgArNaSf kFVxggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxO GR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFf ub91R7qrtN6O8br4hYiRti/9LNMv+rU7VIDHGsawioplQzqjp mXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYt WcmN8e7uiUN2P05znnQqddcp+ae1SuNEzPqIvawjyrN8wgNNNF Cm7xHeMQTnq2mFVu5dfeZahWMZhfflvXwAUoCj80=</latexit >
(f)
<latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOC ekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFB mGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUw ml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOC ekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFB mGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUw ml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOC ekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFB mGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUw ml18W9bDB0xjj84=</latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0= ">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS0w4DNvSV6VRDiIk/4FY/zfgH+hfeGYdEJUanaXvm3HvOzL3XT8 Mgk47zWrAWFpeWV4qrpbX1jc2t8vZOJ0tywXibJWEiLn0v42EQ87YMZMgvU8G9yA951x+fqnj3lossSOILOUl5P/JGcTAMmCeJO q8OD6/LFafm6GXPA9eACsxqJeUXXGGABAw5InDEkIRDeMjo6cGFg5S4PqbECUKBjnPco0TanLI4ZXjEjuk7ol3PsDHtlWem1YxOC ekVpLRxQJqE8gRhdZqt47l2Vuxv3lPtqe42ob9vvCJiJW6I/Us3y/yvTtUiMcSxriGgmlLNqOqYccl1V9TN7S9VSXJIiVN4QHFB mGnlrM+21mS6dtVbT8ffdKZi1Z6Z3Bzv6pY0YPfnOOdBp15znZp7Vq80Tsyoi9jDPqo0zyM00EQLbfIe4RFPeLaaVmzl1t1nqlUw ml18W9bDB0xjj84=</latexit>
(g)
<latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4Ba ZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVO EpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPR xQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJF3pE4tJjEfQh lQolrhus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9d+GopMOc5ryVpZXVvfKG9WtqrbO7u1vWovS3LJeJclYSIHvpfxUMS8q4QK+SCV3Iv8kPf96bmO9++4zEQSX6lZykeRF8RiIpiniLpsBMc3tbrTdMywl4FbgDqK0UlqL7jGGAkYckTgiKEIh/CQ0TOECwc pcSPMiZOEhIlzPKBC2pyyOGV4xE7pG9BsWLAxzbVnZtSMVgnplaS0cUSahPIkYb2abeK5cdbsb95z46n3NqO/X3hFxCrcEvuXbpH5X52uRWGClqlBUE2pYXR1rHDJzanondtfqlLkkBKn8ZjikjAzysU520aTmdr12Xom/mYyNavnrMjN8a53SQ12f7ZzGfROmq7TdC 8clHGAQzSojac4QxsddMkywCOe8Gy1rdjKP6+CVSruxD6+Dev+AxSajp8=</latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY=">AAACu3icjVLLTsMwEJyGVykFClcuERVSuVQJF3pE4tJjEfQh lQolrhus5iXHAVUVn8AVPg3xB/AXrE0qARUCR0nGsztjr9d+GopMOc5ryVpZXVvfKG9WtqrbO7u1vWovS3LJeJclYSIHvpfxUMS8q4QK+SCV3Iv8kPf96bmO9++4zEQSX6lZykeRF8RiIpiniLpsBMc3tbrTdMywl4FbgDqK0UlqL7jGGAkYckTgiKEIh/CQ0TOECwc pcSPMiZOEhIlzPKBC2pyyOGV4xE7pG9BsWLAxzbVnZtSMVgnplaS0cUSahPIkYb2abeK5cdbsb95z46n3NqO/X3hFxCrcEvuXbpH5X52uRWGClqlBUE2pYXR1rHDJzanondtfqlLkkBKn8ZjikjAzysU520aTmdr12Xom/mYyNavnrMjN8a53SQ12f7ZzGfROmq7TdC 8clHGAQzSojac4QxsddMkywCOe8Gy1rdjKP6+CVSruxD6+Dev+AxSajp8=</latexit><latexit sha1_base64="7o4CtShrpUQcUBM/kpD2q5pgH8s=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5K40WXRTZcV7QNq kWQ6jUPTJEwmSimCP+BWP038A/0L74wpqEV0QpIz595zZu69fhKKVDnOa8FaWFxaXimultbWNza3yts77TTOJOMtFoex7PpeykMR8ZYSKuTdRHJv7Ie844/OdLxzy2Uq4uhSTRLeH3tBJIaCeYqoi2pweF2uODXHLHseuDmoIF/NuPyCKwwQgyHDGBwRFOEQHlJ6enD hICGujylxkpAwcY57lEibURanDI/YEX0D2vVyNqK99kyNmtEpIb2SlDYOSBNTniSsT7NNPDPOmv3Ne2o89d0m9PdzrzGxCjfE/qWbZf5Xp2tRGOLE1CCopsQwujqWu2SmK/rm9peqFDkkxGk8oLgkzIxy1mfbaFJTu+6tZ+JvJlOzes/y3Azv+pY0YPfnOOdB+6jmOj X33KnUT/NRF7GHfVRpnseoo4EmWuQd4BFPeLYaVmRl1t1nqlXINbv4tqyHD04kj80=</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjgAkS 0w5DbShtM51qCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+mkUZtJxXgvWwuLS8kpxtbS2vrG5Vd7e6WRJLhhvsyRKxKXvZTwKY96WoYz4ZSq4N/Yj3vVHpyreveUiC5P4Qk5S3h97QRwOQ+ZJos6rweF1ueLUHL3seeAaUIFZraT8gisMkIAhxxgcMSThCB4yenp w4SAlro8pcYJQqOMc9yiRNqcsThkesSP6BrTrGTamvfLMtJrRKRG9gpQ2DkiTUJ4grE6zdTzXzor9zXuqPdXdJvT3jdeYWIkbYv/SzTL/q1O1SAxxrGsIqaZUM6o6Zlxy3RV1c/tLVZIcUuIUHlBcEGZaOeuzrTWZrl311tPxN52pWLVnJjfHu7olDdj9Oc550KnXXK fmntUrjRMz6iL2sI8qzfMIDTTRQpu8AzziCc9W04qt3Lr7TLUKRrOLb8t6+ABOxI/P</latexit>
(h)
<latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjPBIk ph0GmFDaZjrVEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlraXlldS2/XtjY3NreKe7utZIolYw3WRREsuN7CQ9EyJtKqIB3Ysm9iR/wtj8+1/H2LZeJiMIrNY15b+INQzEQzFNEXZZHxzfFklNxzLIXgZuBErLViIovuEYfERhSTMARQhEO4CGhpws XDmLiepgRJwkJE+e4R4G0KWVxyvCIHdN3SLtuxoa0156JUTM6JaBXktLGEWkiypOE9Wm2iafGWbO/ec+Mp77blP5+5jUhVmFE7F+6eeZ/dboWhQFOTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGfYpLwswo5322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMRtKoV16 m4F9VS7SwbdR4HOESZ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYf35b18AFRJY/Q</latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjPBIk ph0GmFDaZjrVEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlraXlldS2/XtjY3NreKe7utZIolYw3WRREsuN7CQ9EyJtKqIB3Ysm9iR/wtj8+1/H2LZeJiMIrNY15b+INQzEQzFNEXZZHxzfFklNxzLIXgZuBErLViIovuEYfERhSTMARQhEO4CGhpws XDmLiepgRJwkJE+e4R4G0KWVxyvCIHdN3SLtuxoa0156JUTM6JaBXktLGEWkiypOE9Wm2iafGWbO/ec+Mp77blP5+5jUhVmFE7F+6eeZ/dboWhQFOTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGfYpLwswo5322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMRtKoV16 m4F9VS7SwbdR4HOESZ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYf35b18AFRJY/Q</latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjPBIk ph0GmFDaZjrVEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlraXlldS2/XtjY3NreKe7utZIolYw3WRREsuN7CQ9EyJtKqIB3Ysm9iR/wtj8+1/H2LZeJiMIrNY15b+INQzEQzFNEXZZHxzfFklNxzLIXgZuBErLViIovuEYfERhSTMARQhEO4CGhpws XDmLiepgRJwkJE+e4R4G0KWVxyvCIHdN3SLtuxoa0156JUTM6JaBXktLGEWkiypOE9Wm2iafGWbO/ec+Mp77blP5+5jUhVmFE7F+6eeZ/dboWhQFOTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGfYpLwswo5322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMRtKoV16 m4F9VS7SwbdR4HOESZ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYf35b18AFRJY/Q</latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZjghrRsdEl0wxKjPBIk ph0GmFDaZjrVEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlraXlldS2/XtjY3NreKe7utZIolYw3WRREsuN7CQ9EyJtKqIB3Ysm9iR/wtj8+1/H2LZeJiMIrNY15b+INQzEQzFNEXZZHxzfFklNxzLIXgZuBErLViIovuEYfERhSTMARQhEO4CGhpws XDmLiepgRJwkJE+e4R4G0KWVxyvCIHdN3SLtuxoa0156JUTM6JaBXktLGEWkiypOE9Wm2iafGWbO/ec+Mp77blP5+5jUhVmFE7F+6eeZ/dboWhQFOTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGfYpLwswo5322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMRtKoV16 m4F9VS7SwbdR4HOESZ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYf35b18AFRJY/Q</latexit>
(i) (j) (k) (l)
s = 0
<latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7V WrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vll l6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN /VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dx z3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="Q7BtuwFkQ4xLh+qr6ojHKq4Pk88=">AAACu3icjVLLSgMxFD0dX7V WrW7dDBbBVcm40Y0guOmyon1ALTIzTWvovEgySil+glv9NPEP9C+8iVNQi2iGmTk5956T3NwEWSSUZuy15Cwtr6yuldcrG9XNre3aTrWj0lyGvB2mUSp7ga94JBLe1kJHvJdJ7sdBxLvB5NzEu3dcK pEmV3qa8UHsjxMxEqGvibpUp+ymVmcNZoe7CLwC1FGMVlp7wTWGSBEiRwyOBJpwBB+Knj48MGTEDTAjThISNs7xgAppc8rilOETO6HvmGb9gk1objyVVYe0SkSvJKWLA9KklCcJm9VcG8+ts2F/855 ZT7O3Kf2DwismVuOW2L9088z/6kwtGiOc2BoE1ZRZxlQXFi65PRWzc/dLVZocMuIMHlJcEg6tcn7OrtUoW7s5W9/G32ymYc08LHJzvJtdUoO9n+1cBJ2jhsca3gVDGXvYxyG18RhnaKKFNlmO8YgnP DtNJ3Hyz6vglIo7sYtvw7n/AHJOjsc=</latexit><latexit sha1_base64="Q7BtuwFkQ4xLh+qr6ojHKq4Pk88=">AAACu3icjVLLSgMxFD0dX7V WrW7dDBbBVcm40Y0guOmyon1ALTIzTWvovEgySil+glv9NPEP9C+8iVNQi2iGmTk5956T3NwEWSSUZuy15Cwtr6yuldcrG9XNre3aTrWj0lyGvB2mUSp7ga94JBLe1kJHvJdJ7sdBxLvB5NzEu3dcK pEmV3qa8UHsjxMxEqGvibpUp+ymVmcNZoe7CLwC1FGMVlp7wTWGSBEiRwyOBJpwBB+Knj48MGTEDTAjThISNs7xgAppc8rilOETO6HvmGb9gk1objyVVYe0SkSvJKWLA9KklCcJm9VcG8+ts2F/855 ZT7O3Kf2DwismVuOW2L9088z/6kwtGiOc2BoE1ZRZxlQXFi65PRWzc/dLVZocMuIMHlJcEg6tcn7OrtUoW7s5W9/G32ymYc08LHJzvJtdUoO9n+1cBJ2jhsca3gVDGXvYxyG18RhnaKKFNlmO8YgnP DtNJ3Hyz6vglIo7sYtvw7n/AHJOjsc=</latexit><latexit sha1_base64="k4+Wrly8SQqpbvlalK+0ZLxZn34=">AAACxnicjVHLSsNAFD2Nr/q uunQTLIKrMnGjG6HopsuK9gG1SJJOa2iahJmJUorgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/feIIsjqRh7LThz8wuLS8XlldW19Y3N0tZ2U6a5CHkjTONUtANf8jhKeENFKubtTHB/FMS8FQzPdLx1y 4WM0uRSjTPeHfmDJOpHoa+IupAn7LpUZhVmljsLPAvKsKuell5whR5ShMgxAkcCRTiGD0lPBx4YMuK6mBAnCEUmznGPFdLmlMUpwyd2SN8B7TqWTWivPaVRh3RKTK8gpYt90qSUJwjr01wTz42zZn/ znhhPfbcx/QPrNSJW4YbYv3TTzP/qdC0KfRybGiKqKTOMri60Lrnpir65+6UqRQ4ZcRr3KC4Ih0Y57bNrNNLUrnvrm/ibydSs3oc2N8e7viUN2Ps5zlnQPKx4rOKds3L11I66iF3s4YDmeYQqaqijQ d4DPOIJz07NSZzcuftMdQpWs4Nvy3n4AK2Qj/U=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit><latexit sha1_base64="yBJKfXPFzEjop1nCnTZvFVXrc4g=">AAACxnicjVHLSsNAFD2Nr1p fVZdugkVwVRIRdCMU3XRZ0T6gFkmm0xqaFzMTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw0DqRzntWDNzS8sLhWXSyura+sb5c2tlkwywXiTJWEiOr4neRjEvKkCFfJOKrgX+SFv+6MzHW/fc iGDJL5U45T3Im8YB4OAeYqoC3niXJcrTtUxy54Fbg4qyFcjKb/gCn0kYMgQgSOGIhzCg6SnCxcOUuJ6mBAnCAUmznGPEmkzyuKU4RE7ou+Qdt2cjWmvPaVRMzolpFeQ0sYeaRLKE4T1abaJZ8ZZs79 5T4ynvtuY/n7uFRGrcEPsX7pp5n91uhaFAY5NDQHVlBpGV8dyl8x0Rd/c/lKVIoeUOI37FBeEmVFO+2wbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocxa0DqquU3XPDyu103zURexgF/s0zyPUUEcDT fIe4hFPeLbqVmxl1t1nqlXINdv4tqyHD67Qj/k=</latexit>
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Figure 4: An illustration of the transitions occurring for the parameterised curves. For small jmax the
topology of the parameterisation does not resemble that of the nodal structure, but when considering
additional modes it will eventually transition towards the correct topology. In (a)-(d), parameterisa-
tions of a trefoil for different jmax are shown, with a transition taking place at jmax = 3 – the curve in
(b) is a trefoil knot, while (a) shows an unknot. In (e)-(h) the figure-eight knot is approximated. Inter-
estingly enough, the curve in (e) actually resembles a trefoil knot, while (f)-(h) inherit the topology of
a figure-eight knot. The lower bar (i)-(l) represents parameterisations of the Borromean rings, where
the transition to the correct topology occurs already for jmax = 2. Noteworthy is that the structure
in (i) consist of three individually linked circles, which are unlinked for larger jmax. The topologi-
cal transitions occurring for these structures are observed by computing the corresponding Alexander
polynomial, which are presented in Tab. 3.
is faithfully captured (cf. Figure 4 and Table 3). As an explicit quantitative example we give numerical
details on how this works out in the case of the nodal trefoil knot obtained from the continuum model
in Ref. [18]: using e.g. the Matlab-function isocurve3.m [30], defining the coordinates x, y and z as
an evenly distributed 300 × 300 × 300-grid between −0.8 and 0.8, results in 3943 ordered points on
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the curve. The corresponding parameterisation coefficients are explicitly given by,
α =
−0.0430 −0.4262 −0.0499−0.0709 −0.2488 0.0742
0.0144 −0.0142 −0.2133
 ,
β =
−0.2475 0.2276 −0.0165−0.0440 −0.4466 −0.0842
−0.0072 −0.0555 0.1942
 , γ =
 0.02220.0079
−0.0028
 , (27)
where α,β and γ are matrices with elements αij , βij and γi respectively. Examples of parameterised
curves for different jmax and targeted knots and links are shown in Fig. 4. The number of required
modes increases with the complexity of the nodal structures. This explicit embedding enables calcu-
lations of knot and link invariants as we turn to next.
We note that a similar approximation ansatz is used in order to parameterise knots in Ref. [31].
However, their goal is to use this to calculate explicit functions whose zeros represent arbitrary knots
and links, while we use it to approximate the set of zeros of such a function in order to calculate knot
invariants for the band structure of a given model Hamiltonian.
3.2 Alexander Polynomial
In knot theory, the most commonly appearing knot invariants are the different knot polynomials. One
of many such is the Alexander polynomial ∆K(t) [32]. Even though some different knots are known
to share the same Alexander polynomial, it is of great help when knots are to be distinguished [33,34].
There are several ways of calculating ∆K(t), and below we will use two of them. Both methods uses
the determinant of the Alexander matrix, making them rather efficient from a computational point of
view. Conventionally, knot polynomials, such as the Jones polynomial and HOMFLY-polynomial, are
calculated using local surgeries on the crossings – so-called skein relations. This procedure quickly
becomes complicated, as a diagram with n crossings results in 2n diagrams to take into considera-
tion – the complexity of the calculation grows exponentially with the complexity of the knot. For
an equivalent problem, the Alexander polynomial can be obtained by computing the determinant of
an (n − 1) × (n − 1)-matrix. By implementing LU-decomposition, this is performed by doing only
O(n3) computations, making it a much simpler problem to solve. Since none of the polynomials men-
tioned above can distinguish every knot [35], the efficiency of the calculations makes the Alexander
polynomial attractive for practical calculations.
It should be noted that for relatively simple knots there are tables listing essentially all the infor-
mation there is to know about them, including the Alexander polynomial. However, for more exotic
knots the list of similar tables grows thin, but in Ref. [28] an algorithm calculating the Alexander
polynomial for a general (p, q) Turk’s head knot is presented, making it possible to identify our new
nodal structures for any n.
3.2.1 Alexander Polynomial from the Knot Parameterisation
The method for constructing the Alexander matrix A from the knot itself goes as follows, further
details are found in [36].
1. Choose an orientation of the knot.
2. Label all crossings c1, ..., cn.
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3. Label all arcs a1, ..., an, starting from either an under- or an over crossings.
4. Determine the signature of the crossings, using the conventions illustrated in Fig. 5.
5. Assign matrix elements.
(a) If crossing l is positive , assign
Ali = 1− t, Alj = −1, Alk = t. (28)
(b) If crossing l is negative, assign
Ali = 1− t, Alj = t, Alk = −1. (29)
ai
cl
L+
aj
ak
aj
ak
ai
cl
L−
Figure 5: Illustration of the convention of the signatures of the crossings, where the arrows indicates
the orientation. L+ and L− are what we refer to as positive and negative crossings respectively.
Generally, k = j + 1 due to how the arcs are defined. This is of course not true when k = 1.
If any of i, j, k are equal, both contributions are added and assigned to the corresponding position
in the matrix. The result will be an (n × n)-matrix. Remove the last row and column, and take
its determinant. The result is a polynomial ∆˜K(t), which is related to the Alexander polynomial
by ±tk∆˜K(t) = ∆K(t), with k ∈ Z. The exponent k and the overall sign are determined by the
constraints
∆K(t) = ∆K(t
−1), ∆K(1) = 1 (30)
By scaling ∆˜K(t) such that this is fulfilled, ∆K(t) is the Alexander polynomial.
In order to implement this algorithm numerically, we proceed as follows. First of all, we need a
2D projection P of the parameterised knot. Here, we choose to project onto the plane pi : kz = −1
along its unit normal. Thus, the projection P reads
P :
kx(s)ky(s)
kz(s)
 (kx(s)
ky(s)
)
, (31)
where ki(s), i = x, y, z are given by the Fourier ansatz Eq. (26). The orientation of the knot is
naturally obtained by increasing the parameter s ∈ [0, 2pi]. Note though that the orientation is not in
any way naturally induced by the band intersection. It is a pure artifact of the chosen parameterisation
of the curve, and could equally well have been reversed. Then we calculate the self intersections of
the projection. Note that if we get anything else than ordinary double points, i.e., if we have points
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Determinant ∆˜K(t) Scale Factor Corresponding Knot
−t2 + t− 1 −t−1 Trefoil, T(3,2)
−t4 + t3 − t2 + t− 1 −t−2 Cinquefoil, T(5,2)
t9 − t8 + t6 − t5 + t4 − t2 + t t−5 T(5,3)
t6 − t5 + t4 − t3 + t2 − t+ 1 t−3 Septfoil, T(7.2)
t8 − t7 + t6 − t5 + t4 − t3 + t2 − t+ 1 t−4 T(9,2)
t5 − 3t4 + t3 −t−4 Figure-Eight Knot
−t19 + 5t18 − 10t17 + 13t16 − 10t15 + 5t14 − t13 t−16 TH(3,4)
t20 − 6t19 + 15t18 − 24t17 + 29t16
−24t15 + 15t14 − 6t13 + t12 t
−16 TH(3,5)
Table 1: Alexander polynomials for a few different nodal structures. The left column is what comes
out from the algorithm, while the middle column is the factor which is to multiply the determinant in
order to obtain the correctly scaled Alexander polynomial. Using these polynomials, we can determine
what kind of nodal knot we have, without using graphical tools.
where more than two arcs intersect, or if the arcs only touch each other, we need to choose a different
projection. If we have good intersections, their signature is determined by considering the slope and
orientation of the intersecting arcs, see Fig. 5. Lastly, the arcs are labeled, where we use the convention
that one arc starts at an under crossing, and ends at the next, in the direction of the orientation. For
every crossing, we check which are the neighbouring arcs, and assign elements to the matrix according
to the rules. Some examples of polynomials we obtain numerically, together with the appropriate scale
factors, are given in Table 1.
3.2.2 Alexander Polynomial from the Fermi Surface
An alternative approach for obtaining the Alexander polynomial is to visually inspect a Seifert surface
of the knot. This is physically meaningful since the Fermi surface of a non-Hermitian system is a
Seifert surface of the corresponding exceptional structure. From a Seifert surface, a Seifert matrix S
can be constructed, which is related to the corresponding Alexander matrix by A = S − tST. We will
not describe the exact method in detail, and refer to [37] for details.
The key point is to deform the Fermi surface to discs connected with half-integer twist ribbons.
This is diagrammatically represented by discs, connected with labelled lines, where the labels denote
the number and orientation of half-twists of the ribbons. This in turns needs to be simplified until we
reach a topologically equivalent diagram with only one disc and a bunch of lines which are labeled
b1, ..., bn. The number of full twists related to every bi gives us the diagonal elements Sii in the matrix.
How the lines connecting the twist-labels cross each other determines the off-diagonal elements. If
band bl crosses over band bj m times from left to right, Slj = m, and if it crosses over m times from
right to left, Slj = −m. If there is no crossing, Slj = 0. By taking the determinant of S − tST, we
get a polynomial, which scaled properly is the Alexander polynomial. Some calculations are shown
in Table 2.
The downside of this method is that it relies on visual inspection instead of direct calculation, mak-
ing it rather involved as the knot gets more complicated. Also, it is only applicable for non-Hermitian
systems. Still, the fact that we are able to determine the topology of the exceptional structure by only
using something as physical as the Fermi surface, makes it worth discussing.
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Determinant Scale Factor Corresponding Knot
t2 − t+ 1 t−1 Trefoil, T(3,2)
t4 − t3 + t2 − t+ 1 t−2 Cinquefoil, T(5,2)
t8 − t7 + t5 − t4 + t3 − t+ 1 t−4 T(5,3)
t6 − t5 + t4 − t3 + t2 − 1 + 1 t−3 Septfoil, T(7.2)
t8 − t7 + t6 − t5 + t4 − t3 + t2 − t+ 1 t−4 T(9,2)
−t2 + 3t− 1 t−1 Figure-Eight-Knot
Table 2: Alexander polynomials for a few different exceptional structures. The left column is what
comes out from inspection of the Fermi surface, using the algorithm mentioned in Section 3.2.2,
while the middle column is the is the factor which is to multiply the determinant in order to obtain the
correctly scaled Alexander polynomial. Only by considering the Fermi surface, the topology of the
knotted structures can be determined.
3.3 Linking- and Self Linking Number
The approximate, yet topologically equivalent, parameterisation of the nodal structure provides a di-
rect way of calculating linking numbers, making it possible to check if and how the structures are
linked together. The Gauss’ linking formula reads [38],
lkC1,C2 =
1
4pi
∫
C1
∫
C2
dsds′µνα
dxµ(s)
ds
dyν(s′)
ds′
xα(s)− yα(s′)
|x(s)− y(s′)|3 , (32)
where s and s′ are parameters, x(s) and y(s′) are coordinates on curve C1 and C2 respectively with
components xµ(s) and yµ(s′), and µνα is the completely anti-symmetric Levi-Civita symbol. Note
that repeated indices are summed over. With the approximative curves, we get, e.g., the following
|lk2,2| = 1, |lk4,2| = 2, |lk6,4| = 6, |lkBR| = 0, (33)
where the integral is numerically evaluated using O(103) number of points on the curves, yielding an
estimated error of approximately 10−4. We only present absolute values of the linking number, since
its sign is affected by the orientation of the respective components. Recall that the orientation of the
parameterised nodal structure is not given by the system itself, making it a technical artifact with no
physical meaning. lkBR = 0 means that all pairwise linking numbers for the structures displayed in
Fig. 1 (b) and (d) vanish. lkp,q denotes the linking number for the (p, q)-torus link. By also calculating
the Alexander polynomial for the individual components of the link, we can determine the topology
of the link without graphically considering it.
The self linking number for knots is however a far more complicated story. Recall that it is to
be thought of as the linking number between a knot K and its push-off K ′, where K ′ is defined
by displacing K a small distance along a nowhere tangent vector field, a so-called framing. For a
given choice of framing, the self linking number is invariant, while changing framing can yield any
result [5]. A specific choice of framing that would be physically meaningful is the gradient of the
surface Re[E2] = 0 or Im[E2] = 0 evaluated along the knot. However, it is clear that when cutting
along the knot, both Re[E2] = 0 and Im[E2] = 0 are split into two Seifert surfaces respectively. Thus,
the framing defined by the gradient evaluated along the knot, call it u, consist of vectors normal to
both the surface and the knot. This is homotopic to a framing consisting of vectors tangent to the
surfaces, but normal to the knot – a so-called Seifert framing. If we denote such a framing by v, the
homotopy is explicitly given by
s 7→ u cos(s) + v sin(s) (34)
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where s = 0 gives u, and s = pi2 gives v. Homotopic framings yield the same self linking number
for a given knot, and it is well-known, but not explicitly stated in the literature, that the self linking
number for a Seifert framing is always zero. Here is a sketch of the argument. Suppose K ⊂ R3 is a
knot bounding an oriented surface S. Let us suppose that for all points x ∈ K, v(x) is the unit vector
that is tangent to S and orthogonal to K at x, and is pointing toward S. Thus v is a Seifert framing of
K. Let K ′ be the knot obtained by displacing K a short distance along v. The inclusion K ′ ⊆ R3 \K
induces a homomorphism of first homology groups. Both homology groups are isomorphic to Z, so
the homomorphism is given by a multiplication by an integer (determined up to sign). This integer is
the the self linking number of K with the framing v. The point is that the inclusion K ′ ↪→ R3 \ K
factors through the inclusion K ′ ↪→ S′, where S′ is a surface obtained from S by removing a collar
neighborhood of its boundary K, and K ′ is the boundary of S′. The inclusion of a connected n − 1-
dimensional manifold as the boundary of an orientable n-dimensional manifold is always zero on
homology in degree n− 1. We only use this fact for n = 2, and in this case it can be proved using the
classification of surfaces. But the general case is proven in e.g. Chapter 21 of [39], to which we refer
for further details. Thus, the framing defined by evaluating the gradient of Re[E2] = 0 or Im[E2] = 0
will not provide any information, since they are homotopic to a Seifert framing.
Another alternative would be to use the Frenet frame, consisting of the unit tangent vector of the
knot, the unit normal vector and their cross-product. The disadvantage of this choice is that there
might be points where the tangent vector vanishes, so-called inflection points. For such points, the
Frenet frame, and thus the corresponding self linking number, are not defined at all, and thus the
Frenet frame will not provide sufficient information. Thus, we conclude that the self linking number
does not qualify as a useful knot invariant to be calculated.
3.4 Higher Order Milnor Invariants
Even though the pariwise linking numbers between all the components in the nodal structures dis-
played in Fig. 1 (b) and (d) vanish, we have been claiming that they are nontrivial links. This can be
proven by calculating higher order Milnor invariants. These are widely used in knot theory in order
to characterise the family of Brunnian links – links that are nontrivial even though all components
are pairwise unlinked. There is a nice geometrical interpretation of these invariants, making them
obtainable from the constants appearing in the Conway polynomial ∇L(z) of the link [40]. This knot
invariant polynomial is intimately related to the Alexander polynomial ∆L(z) through the relation
∇L(z − z−1) = ∆L(z2). (35)
Thus, Milnor invariants can be computed by using the algorithm calculating the Alexander polynomial
described in Sec. 3.2.1, and then solving Eq. (35) for the Conway polynomial. The explicit relation
between the constants and the Milnor invariants varies depending on the number of components in the
link, and we refer to [40] for further details.
To illustrate this, we apply this technique to calculate the Milnor invariant µ(123) – the triple
linking number – for the nodal structures in Fig. 1 (b) and (d). The algorithm yields the following
polynomials,
∆˜LMBR (t) = t
7(t− 1)4, (36)
∆˜ContBR (t) = t
2(t− 1)4. (37)
Note that in order to obtain something trustworthy for the continuous model, we have changed the
projection, since the one given by Eq. (31) almost resulted in a triple intersection point. The projection
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used for the continuous model, yielding Eq. (37), is instead given by,
P˜ :
x(s)y(s)
z(s)
 (x(s)
z(s)
)
. (38)
Both Eq. (36) and Eq. (37) become, when scaled correctly,
∆BR(t) = t
2 − 4t+ 6− 4t−1 + t−2. (39)
Using Eq. (35), we see that,
∇BR(z − z−1) = z4 − 4z2 + 6− 4z−2 + z−4, (40)
which results in,
∇BR(z) = z4. (41)
According to [40], a link with three components has a Conway polynomial of the form,
∇L(z) = z2(a0 + a2z2 + ...) (42)
where a2i are real constants. That a0 in our case vanishes is related to that all our pairwise linking
number vanishes [40]. Furthermore, given that a0 = 0, then a2 is related to the triple linking number
as a2 = (µ(123))2. Thus, Eq. (41) says that the triple linking numbers for the structures in Fig. 1 (b)
and (d) are ±1, proving that the links are nontrivial and more specifically, that they are equivalent to
the Borromean rings.
In Sec 2.3 we furthermore claimed that Fig. 2 (c) and (d), corresponding to n = 6 and n = 9
respectively, also are Brunnian links, and we show that in the same way as for the Borromean rings.
The algorithm yields the following polynomials for the structures in Fig. 2 (c) and (d).
∆˜n=6(t) = t
15(t− 1)4(1− 4t+ 10t2 − 4t3 + t4) (43)
∆˜n=9(t) = t
14(t− 1)4(1− 4t+ 9t2 − 4t3 + t4)2 (44)
which by a straight-forward calculation yield the following Conway polynomials,
∇n=6(z) = z2(4z2 + z6) (45)
∇n=9(z) = z2(9z2 + 6z6 + z10) (46)
from where we see that all the individual linking numbers vanish, and that the triple linking number is
±2 and ±3 for n = 6 and n = 9 respectively.
This useful geometrical interpretation of the Conway polynomial, or equivalently, the Alexander
polynomial, is an additional reason to compute the Alexander polynomial instead of the Jones poly-
nomial. This provides a way to not only see whether or not links are nontrivial, but also what class of
links they belong to. Concretely, this method classifies all nodal links up to homotopy, since that is
exactly what the Milnor invariants do. We note that the same information can be extracted from the
more general HOMFLY-polynomial, but as mentioned in Sec. 3.2, the complexity of the algorithms
that have to be implemented makes the Alexander polynomial favourable.
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jmax Trefoil Polynomial Figure-Eight Polynomial Borromean Rings Polynomial
1 1 1 t− 2 + t−1
2 1 1 t2 − 4t+ 6− 4t−1 + t−2
3 t− 1 + t−1 t− 1 + t−1 t2 − 4t+ 6− 4t−1 + t−2
4 t− 1 + t−1 −t+ 3− t−1 t2 − 4t+ 6− 4t−1 + t−2
50 t− 1 + t−1 −t+ 3− t−1 t2 − 4t+ 6− 4t−1 + t−2
∞ t− 1 + t−1 −t+ 3− t−1 t2 − 4t+ 6− 4t−1 + t−2
Table 3: A concrete illustration of how the topology of the parameterised curve changes with the
number of modes considered. When considering large enough jmax, the ansatz Eq. (26) provides a
curve topologically equivalent to the nodal structures, but when considering too few modes, this is not
acquired. At some points, topological transitions occur, eventually resulting in the desired topology.
When the number of modes is taken to infinity, the ansatz converges to the Fourier series of the smooth
embedding describing the intersection curve, which in turn converges to the embedding itself, ensuring
stability of the ansatz in Eq. (26). Note that we here use a different projection, namely onto the plane
x = −1 along its unit normal, when calculating the polynomials for the Borromean rings.
3.5 Topological Transition and Convergence of the Parameterisation
The parameterisation ansatz Eq. (26) only describes curves topologically equivalent to the nodal knots
when jmax is sufficiently large. In Tab. 3 we show this using two examples – the trefoil and figure-
eight knot respectively. If jmax is too small, the correct topology is not achieved, but when increasing
jmax, it eventually transition to the correct one. A question that needs to be adressed though is if this
type of expansion remains stable when jmax grows. Again, we recall that the knots (links) are obtained
as the intersection between two surfaces. In the case of any knotted (linked) structure dealt with here,
these surfaces are described as zeros of smooth functions in three variables, resulting in two smooth
2D submanifolds of R3 or T3. These submanifolds intersect each other transversally, meaning that
their normal vectors are not collinear at the intersection. Thus, the intersection is itself a (collection
of) smooth manifold(s) of dimension(s) 2+2−3 = 1, i.e. a (collection of) smooth and closed curve(s)
in R3 or T3. Each component can be represented by a smooth embedding g : S1 → R3 or T3 with
s 7→ (gkx(s), gky(s), gkz(s)), with corresponding Fourier series
gi(s) = ci +
∞∑
j=1
(aij cos(js) + bij sin(js)) , (47)
where the convergence of the Fourier series is ensured since g is a smooth periodic function. More-
over, the Fourier series can be differentiated term by term, and the series of derivatives converges as
well. This means that the Fourier series converges in Whitney C1 topology. Comparing this to the
approximate parameterisation Eq. (26) in the limit jmax → ∞, we see that they coincide. Thus, the
approximate parameterisation of the nodal knots given by Eq. (26) converges to the Fourier series
Eq. (47) when jmax →∞, which in turn converges to the embedding describing the intersection of the
two smooth submanifolds. Therefore, the approximation remains stable when additional modes are
considered, ensuring preservation of its topology when jmax →∞.
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4 Experimental Relevance
Despite their apparent complexity, the nodal knotted band structures discussed in this work may po-
tentially be realised in a variety of platforms ranging from optical setups [41–43], mechanical sys-
tems [44] and cold atoms [45] to complex materials [46–51] in which nodal line degeneracies of
various types such as rings, chains and links have been predicted or even realised. Starting from
such ring or chain configurations it is conceivable that they can be tuned into more complex knotted
or linked degeneracies by moderate deformations of the system, e.g. as very recently discussed in
Ref. [52]. Deformations of this kind are particularly relevant to consider in the non-Hermitian realm
where nodal line degeneracies are generic, i.e. they do not rely on any symmetries and any small
deformation would leave them intact [14]. While non-Hermitian nodal chains, links and knots are still
theoretical concepts, it is encouraging that exceptional rings have been reported in optical waveguide
systems [42].
We also note that the simplest non-Hermitian links require only nearest neighbour hopping making
them very realistic in dissipative photonic lattices [18]. While the longer range hopping needed for the
new hyperbolic knots and links reported here make them more challenging to realise, very encouraging
progress in engineering longer range hopping terms in a controlled fashion in photonic lattices has
been reported [53].
The experimental signatures of nodal line semimetals, e.g. their 2D drumhead surface states, has
recently lead to their experimental discovery in ARPES measurements on ZrB2 [54] and in phononic
crystals [55]. It is natural to think that similar surface states would provide useful information in
the case of nodal knots as well, and this seems attractive given powerful detection methods such as
ARPES and spin-resolved transport [56]. These surface states will however not provide full informa-
tion of the knottedness of the systems, since that is a feature unique to 3D—the surface states could
equally well origin from twisted unknots. In order to capture this one would in principle have to scan
through all possible 2D projections, making it highly challenging. Instead, measuring the bulk band
structure directly would be highly desirable and it is in this context worth emphasising that the Fermi-
Seifert surfaces in the non-Hermitian realm should be detectable e.g. in photonic crystals where light
scattering experiments have already revealed the existence on Fermi arcs induced by non-Hermiticity
originating from losses [29].
Finally, we note that the while the 2D analogues with exceptional points and their concomitant
Fermi arcs have been realised and observed photonic systems [29], they are predicted to also occur
quite generally at material junctions [57], thus providing promising ingredients for realising the perti-
nent 3D nodal band structures in layered setups [58].
5 Conclusion
In this work, we have introduced Hermitian and non-Hermitian band structures hosting hyperbolic
nodal structures including the figure-eight knot and the Borromean rings. While the Hermitian mod-
els rely on discrete symmetries, such as PT symmetry, the exceptional structures in the non-Hermitian
realm are generic, making them stable towards any small perturbation. Moreover, the non-Hermitian
nodal knots are intimately connected to novel open nodal Fermi surfaces, in the form of Seifert sur-
faces terminating on the exceptional nodal knots. To determine the topology of any nodal structure,
we have developed an efficient and well-controlled method to calculate the corresponding Alexander
polynomial from an approximate, but topologically equivalent and stable, Fourier basis curve. From
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this, we have shown that Milnor invariants of any order can be obtained to classify any linked structure
up to homotopy.
Even though these hyperbolic structures appear complicated, we have constructed relatively sim-
ple tight-binding models where they can be realised, opening up for their experimental discovery.
Notes added: While finalising this manuscript, a preprint containing a model for the figure-eight
knot and a possible realisation thereof occurred [59]. Beyond the results of this back to back study,
in our present work we additionally consider higher order links as well as constructive algorithms to
calculate topological knot invariants characterising microscopic models.
Shortly after uploading the first version of this manuscript, two pre-prints focusing on experimen-
tal perspectives of knotted and line nodal structures respectively appeared on the arXiv [60, 61].
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